Matrix-Vector Products

Definition: For am X g matrix A.and a vector x in R" we define the matrix-vector product
B V\ \"l. ’v"\“ _ _ _ _
ait]yai2| -+ | ain a2 Q1in
az1| [ a2y -+ |az2n a22 a2n
Ax = +x2| |+ FTa| | (1)
aAm1 \|m2 | - - ﬂamn_ | @m2 | | @mn |
-~ o ( ] ( !
or equivalently K/J
AxX = 21V + 22vo + -+ T,V (2)
where the vectors
al a12 Q1in
a1 a22 a2n
V1= . ’ V2 = . ’ T Vn = . (3)
| Am1 | | &m2 | | @mn |
are called the column vectors of A.

Note 1: Equation (2) says that Ax is a linear combination of the column vectors of A where the
Lnear _comoinarto O £

coefficients are determined by the components of the vector x.
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Ezample 1: Let A=12] 2 =3[ and x= [—1]. Calculate Ax.
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Ezample 2: Calculate I3 |2|. What do you observe? -I 3 = é o %
\
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Proposition 1: For any vector x in R” we have I,,x = x.

Ezample 3: Let e1, ez, e3,e4 be the column vectors of 1.
€. e.e
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Proposition 2 (Poole 3.1b): Suppose the m x n matrix A has column vectors vi,va,..., vy in

L — 3

T
Ae;, = v; . v/ 4
E‘( Colawmn 52'@*1 ou (4)

R™. Then for any 7 in 1,...,n we have

Where]ei is the i*" column vector of In.\
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Definition: By deﬁniF'on of yatrix-vector product, the m x n linear system in vector form
—

M L - Y S
an a2 an by
asi a22 aon bo
= | o | | Fa| |+t =] (5)
. : :
Aﬁ = _aml_ _am2_ _amn_ _bm_
can be written in matrix-vector form as o
R
\l Ax=b ‘ (6)
D R -\)_/—~
where ) \/1 v NV L L
ail  aiz - Ay T by
az1 Qa2 - G2 T2 ba
A= ", o x= . b= (7)
|@m1 Am2 ' Omn | | Tn | _bm_
Ezxample 4: Write the linear system given in matrix-vector form
1 2 3 1
1 -1 —2{x=|-1 (8)
2 1 1 -2
in vector form and equation form.
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